Higher twist corrections to F2 at small x are studied for the case of a flat initial condition for the twist-two QCD evolution in the next-to-leading order approximation. We present an analytical parameterization of the contributions from the twist-two and higher twist operators of the Wilson operator product expansion. Higher twist terms are evaluated using two different approaches, one motivated by BFKL and the other motivated by the renormalon formalism. The results of the latter approach are in very good agreement with deep inelastic scattering data from HERA.
I. INTRODUCTION
For more than a decade various models on the behavior of quarks and gluons at small x has been confronted with a large amount of experimental data from HERA on the deep-inelastic scattering (DIS) structure function F 2 [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] . In the small x regime, non-perturbative effects are expected to give a substantial contribution to F 2 . However, what is observed up to very low Q 2 ∼ 1 GeV 2 values, traditionally explained by soft processes, is described reasonably well by perturbative QCD evolution (see for example [15] ). Thus, it is important to identify the kinematical region where the well-established perturbative QCD formalism can be safely applied.
At small x the Q 2 dependence of quarks and gluons is usually obtained from the numerical solution of the DokshitzerGribov-Lipatov-Altarelli-Parisi (DGLAP) equations [16] [17] [18] [19] [20] [129] . The x profile of partons at some initial Q 2 0 and the QCD energy scale Λ are determined from a fit to experimental data [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] .
On the other hand, when analyzing exclusively the small x region, a much simpler analysis can be done by using some of the existing analytical approaches of DGLAP equations in the small x limit [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] . In Refs. [35-37, 43, 44] it was pointed out that HERA small x data can be interpreted in terms of the so called doubled asymptotic scaling (DAS) phenomenon related to the asymptotic behavior of the DGLAP evolution discovered many years ago in [16, 17, 45] .
In the present work we incorporate the contribution from higher twist (HT) operators of the Wilson operator product expansion to our previous analysis [44] . The semi-analytical solution of DGLAP equations obtained in Ref. [44] using a flat initial condition, is the next-to-leading order (NLO) extension of previous studies performed at the leading order (LO) in perturbative QCD [35, 43] . The flat initial conditions at some initial value Q 2 0 correspond to the case of parton distributions tending to some constant when x → 0.
In Ref. [44] , both the gluon and quark singlet densities are presented in terms of the diagonal ′ + ′ and ′ − ′ components obtained from the DGLAP equations in the Mellin moment space. The ′ − ′ components are constants at small x for any values of Q 2 , whereas the ′ + ′ components grow for Q 2 ≥ Q 2 0 as [130] ∼ exp 2 a + ln
where a + = 4C A /β 0 and b + = 8[23C A − 26C F ]T R f /(9β 0 ). In Eq.
(1) and hereafter we use the notation a s = α s /(4π). The first two coefficients of the QCD β-function in the MS-scheme are β 0 = (11/3)C A − (4/3)T R f and
where f is the number of active flavors. This new presentation as a function of the SU (N ) group Casimirs, with f active flavors, C A = N , T R = 1/2, T F = T R f and C F = (N 2 − 1)/(2N ) permits one to apply our results to, for example, the popular N = 1 supersymmetric model. Of course, for N = 3 one obtains the QCD result [44] .
The analysis performed in our previous work [44] has shown very good agreement with H1 and ZEUS 1994 data [4, 11, 12] at Q 2 ≥ 1.5 GeV 2 . Here, we add the contribution from higher twist operators with the hope to describe also more modern data [2, 3, [7] [8] [9] [10] at lower Q 2 Moreover, in comparison with Ref. [44] , in the present work we have solved the technical problem of "backward" evolution that leads us now to have the normalization scale Q 2 0 of DGLAP evolution in the middle point of the Q 2 range.
A. Basic formulae
At this point of the introduction, we find convenient to present the basic results of our article: the twist-four and twist-six corrections to F 2 in the DAS approach. Thus, a reader who has interest only in application of the formulas to the analysis of F 2 can skip the following sections and start to read Section X, where the fits of F 2 are performed. We note, however, that some of the sections that follows contain also the contribution of power corrections to the derivatives ∂F 2 /∂ ln Q 2 and ∂ ln F 2 /∂ ln(1/x) and to the parton distributions (PD) (see the Sections VI, VII, VIII and IX, respectively).
The basic results of the present article are the twist-four and twist-six corrections to F 2
where for the higher twist parts F τ 4, 6 2 BFKL-motivated evaluations [46] [47] [48] [49] (in this case only the twist-four correction has been estimated) and the calculations [50] in the framework of the renormalon model (hereafter marked with superindex R) have been used.
The latter case is essentially more complete and the predicted HT corrections can be expressed through the twist-two ones as follows 
where the symbol ⊗ marks the Mellin convolution (see Eq. (55) below), the functions µ τ 4 a (z, Q 2 ) are given in [50] and e = ( 2,G , the HT corrections proportional to the twist-two quark and gluon densities, respectively.
Note that the parton distributions f τ 2 a (z, Q 2 ) are multiplied by z, i.e., f τ 2 q (z, Q 2 ) = z q(z, Q 2 ) and f τ 2
2 ). Note also that we neglect the non-singlet quark density f ∆ (z, Q 2 ) and the valent part f V (z, Q 2 ) of the singlet quark distributions, because they have the following small-x asymptotics: f ∆ (z, Q 2 ) ∼ f V (z, Q 2 ) ∼ x λV , where λ V ∼ 0.3 ÷ 0.5. Thus, our quark density f τ 2 a (z, Q 2 ) contains only the sea part f S (z, Q 2 ), i.e. f τ 2 a (z, Q 2 ) = f S (z, Q 2 ). For the leading twist part we have [44] at the LO and NLO approximations, respectively, 
Let us keep the NLO relation (4b) beyond the leading twist approximation. Then for the total F 2 (see Eq. (2)) we obtain
where f a (z, Q 2 ) are the parton distributions containing both the twist-two part [44] (see next Section) and the twistfour and twist-six contributions
For the HT part f Rτ 4,6 a (z, Q 2 ) calculations in the framework of the renormalon model have been used [131] . We would like to note that each HT term f Rτ 4,6 a (z, Q 2 ) can be chosen in a quite arbitrary form and only the combination
is unique, because we kept the original twist-two relation, Eq. (4b), to be same when HT corrections are incorporated (see Eq. (5)). Note that in our previous studies [51] [52] [53] we did not use the Eq. (5) to parameterize the HT corrections to F 2 . Instead we consider the following representation 
coming from the LO relation (4a) between F 2 and parton distributions. The choice (8) looks quite natural because HT corrections have been obtained in [50] at the LO approximation. However, this choice is only useful to fit F 2 data and it has no interest to study the parton distributions themselves: note that the HT corrections to the gluon density are absent in Eq. (8) . Indeed, in the calculation of F 2 at NLO one has to take a gluon density as in the r.h.s. of the Eq. (4b). So, one should take the conditionf
which is not so natural. Moreover, the choice (8) and (9) leads to a quite complicated form for the HT corrections to the quark density: there are two independent contributions ∼ A τ 2 q and ∼ A τ 2
G (see Refs. [51] [52] [53] and formulas therein). In the work we also study x and Q 2 dependences of ∂F 2 /∂ ln Q 2 and ∂ ln F 2 /∂ ln(1/x), that force to define the parton densities in a proper way. So, we take another quite natural choice 
i.e., the HT quark (gluon) part of F 2 relates only to the corresponding quark (gluon) twist-two density. Note once again that the choice (10) corresponds exactly to the Eq. (5), i.e. to the extension of the standard twist-two relation (4b) between F 2 and parton densities at the NLO formulas with the purpose to include the HT contributions.
Note also that for both of the above parton density choices the DGLAP equation will be violated by the HT corrections (see Section VI and discussions therein).
B. Higher twist terms in the renormalon model
As it has been already noted above it is useful to split the parton distributions in two parts
where the both ′ + ′ and ′ − ′ components contain twist-two and HT parts. The two component representation follows directly form the exact solution of DGLAP equation in the Mellin moment space at the leading twist approximation (see [44] ).
The twist-two contribution is presented below in the Section II and the twist-four and twist-six parts can be expressed through the twist-two one as follows (here for simplicity we restrict our consideration by LO approximation):
for the (singlet) quark distribution
The article is organized as follows. In Section II we shortly review basic formulae of the solution of DGLAP equation at small x values with the flat initial conditions, given in [44] . We show the possibility to add the backward evolution to the formulae. In Sections III and IV we present the set of formulae for the derivation ∂F 2 /∂ ln Q 2 and for the effective slope ∂ ln F 2 /∂ ln(1/x). Section V contains our suggestions about the contributions of twist-four and twist-six operators of the Wilson operator product expansion. In Sections VI-IX we consider the contributions of the HT operators to parton distributions and to derivatives of F 2 in the framework of the infrared renormalon model. Section X contains the fits of experimental data for F 2 , predictions for its derivatives and some discussions of the obtained results. In the Appendix A we present Mellin moments of renormalon contributions, calculated in [50] , and obtain their contributions to the PD corresponding moments. In the Appendix B we illustrate the method [54, 55] of replacing at small x the convolution of two functions by simple products. The method is used in the present work for the correct incorporation of renormalon-type contributions of higher twists terms into our formulae. The conclusions contains summary of the results and suggestions about other applications of the approach.
II. THE CONTRIBUTION OF TWIST-TWO OPERATORS
As in [44] , we will work with the small x asymptotic form of parton distributions in the framework of the DGLAP evolution equations starting at some Q 2 0 with the flat function:
where A a are unknown parameters that have to be determined from data. We shortly compile below the main results found in [44] at the LO NLO approximations.
A. Leading order
The small x asymptotic results for PD, f τ 2 a,LO (a = q, G) and F τ 2 2,LO at LO of perturbation theory and at twist-two in the operator product expansion have been found in Ref. [44] :
After Mellin inversion of the explicit moment solution to DGLAP equations, the ′ + ′ and ′ − ′ PD components are given by:
whered
are the regular parts of d + and d − anomalous dimensions, respectively, in the limit n → 1. [132] We define the variable
At LO, in terms of the QCD scale Λ LO , it has the form:
The argument σ LO in the LO is given by [133] 
is the singular part when n → 1 of
GG (n) the LO coefficient of the gluon-gluon anomalous dimension.
The prescription for the backward evolution given by Eq. (13) is the result, in the more general case, of the following representation of the series which appear in the inverse Mellin transformation of the exact solution for PD moments. (see for example Eq. (6) in Ref. [44] ),
And finally, in Eq. (16d)
Let us note, that
B.
Next-to-leading order
The small x behavior of the twist-2 parton densities f τ 2 a (a = q, G) and of F τ 2 2 at the NLO approximation has been presented in our previous paper [44] . Here we give the result that can also be used for Q 2 below the initial condition point Q 2 0 (where partons have the flat form in x as Eq. (15))
The ′ + ′ and ′ − ′ PD components in the equations above are:
where
The different singular and regular parts of anomalous dimensions appearing in Eqs. 
The corresponding numerical values are collected in Table I (see Ref. [44] for details).
We would like to note that the exact value of the variable σ and the small x asymptotics of the modified Bessel function The values of the parameters used in the calculation of the parton distributions as a function of the number of flavors. are given in Introduction (see Eq. (1)) with |d + | = a + andD + = b + + a + (β 1 /β 0 ). So, the most important part from the NLO corrections (i.e. the singlet part at x → 0) is taken in a proper way: it comes directly into the argument of the Bessel functions and does not spoil the applicability of perturbation theory at low x values. We stress that the LO and NLO results given above coincide with the ones in Ref. [44] for positive values of s and s LO (i.e. for the case Q 2 ≥ Q 2 0 ). Let us remind that these analytical expressions which have been obtained from the exact solution to the moment space DGLAP evolution equations in the asymptotic limit n → 1 have been already used in Ref. [44] to reproduce the small x behavior of parton distributions and lastly of DIS structure functions themselves. The consideration of negative values for s and s LO leads us to apply the backward evolution in the present analysis and, thus, to have the possibility to choose any normalization point Q 2 0 and not only the low end of the Q 2 -evolution as it was done in Ref. [44] .
III. THE CONTRIBUTION OF TWIST-TWO OPERATORS TO THE DERIVATIVE
In QCD the scaling violation of F 2 (z, Q 2 ) are caused by gluon bremsstahlung from quarks and quark pair creation from gluons. In the low x domain the latter process dominates the scaling violations. F 2 is then largely determined by the sea quarks, whereas the ∂F 2 /∂ ln Q 2 is dominated by the convolution of the splitting function P qG and the gluon density. At the leading twist approximation the derivative ∂F 2 /∂ ln Q 2 relates strongly to the gluon distribution f τ 2
2 ). Moreover, the derivative is measured with a good accuracy. Then, the ∂F 2 /∂ ln Q 2 experimental data can be successfully used to determine the characteristic properties of gluon distribution.
The ∂F 2 /∂ ln Q 2 data becomes even more important, when we add higher twist corrections into consideration. In the case of the twist-four terms (of sum of the twist-four and twist-six terms) in the renormalon model there are the two (four) additional parameters (see below Section IV) which may lead to problems to fit all them together only with help of F 2 experimental data.
A. Leading order
Note that at the LO approximation there are the following properties
which lead to the following results
Thus, we have
The LO Q 2 evolution of the derivative ∂F τ 2 2 /∂ ln Q 2 is defined mostly by the corresponding evolution of the gluon distribution f τ 2 G,LO (z, Q 2 ), i.e. by the Eqs. (16b, 16c) and (16e).
B. Next-to-leading order
At the NLO approximation of perturbation theory the Eqs. (29) are replaced by
which leads to the following results
Taking together equations (25) , (30a), (30c), (33) and (34) , after some algebra we have got the final result
The ′ + ′ and ′ − ′ components in the equations above are:
The values of the coefficients are given in Eqs. (28) . Thus, the NLO Q 2 evolution of the derivative ∂F τ 2 2 /∂ ln Q 2 is defined mostly by the corresponding evolution of the gluon distribution f τ 2
2 ), i.e. by the Eqs. (25b, 25c) and (25e).
IV. THE CONTRIBUTION OF TWIST-TWO OPERATORS TO THE SLOPES OF F2 AND OF PARTON DISTRIBUTIONS
The behavior of F 2 and parton distributions can mimic a power law shape over a limited region of z, Q 2 :
The slopes are effective ones because the parton distributions and F 2 have mostly the Bessel-like form. Note that there are the following properties
which we will use below.
A. Leading order
The effective slopes have the form at the LO approximation
The effective slopes λ 
where symbol ≈ marks approximations obtained by expansions of modified Bessel functions I n (σ). These approximations should be correct only at very large σ values (i.e. at very large Q 2 and/or very small x). It is the case (see Figs. 2 and 6 ).
We would like to note that the slope λ eff,τ 2
q,LO,as (z, Q 2 ) coincides at very large σ with one obtained in [57] (see also [15] ) in the case of flat input. Note that the slope λ eff,τ 2 G,LO,as (z, Q 2 ) is large then the slope λ eff,τ 2
that coincides with results of fits in Refs. [30, 34] .
B. Next-to-leading order
At the NLO approximation of perturbation theory we have the following properties of the effective slopes: the quark and gluon ones λ eff,τ 2 a
2 )/∂ ln (1/z) are reduced by the NLO terms that leads to the decreasing of the gluon distribution at small x. For the quark case it is not the case, because the normalization factor A τ 2,+ q of the '+' component produces an additional contribution undamped as ∼ (ln z) −1 .
Indeed, the effective slopes have the form,
The gluon effective slope λ eff,τ 2 G (z, Q 2 ) is larger than the quark slope λ eff,τ 2 q (z, Q 2 ), which is in excellent agreement with a recent MRS and GRV analysis [30, 34] .
For the asymptotic values we have got
We would like to note that at the NLO approximation the slope λ eff,τ 2 F 2,as (z, Q 2 ) lies between quark and gluon ones but closely to quark slope λ eff,τ 2 q,as (z, Q 2 ), that is in agreement with Refs. [30, 34] . Indeed,
Both slopes λ eff,τ 2 a (z, Q 2 ) decrease with decreasing z. A z dependence of the slope should not appear for a PD within a Regge type asymptotic (x −λ ) and precise measurement of the slope λ eff,τ 2 a (z, Q 2 ) may lead to the possibility to verify the type of small x asymptotics of parton distributions. The present data, however, are not enough to distinguish this slow x-dependence of λ eff,τ 2 a (z, Q 2 ) (see Fig. 2 ). In the following Sections we study the higher-twist contributions to F 2 (x, Q 2 ), its derivatives and parton distributions.
V. THE HIGHER TWIST CONTRIBUTIONS FOR F2
In the Section we consider two different representations for twist-four effects. The first one comes from Regge-like analysis [46] [47] [48] [49] . Thus, it should have right asymptotics at x → 0 limit, but, unfortunately, the knowledge of its form is very restricted.
The second one is based on the IR-renormalon model. The predictions can not reproduce the exact form of x → 0 asymptotics, calculated in Ref. [46] [47] [48] [49] but gives rather good agreement with modern experimental data from HERA (see Section X). We think this agreement is similar to one (see Ref. [15] ) at larger Q 2 values between DGLAP approach (even for its analytical simplification: the generalized DAS approach [44] ) and experiment.
We would like to note here that in the analysis of experimental data performed below we consider both LO and NLO approximations in the twist-two case and for HT corrections in the renormalon case. In the BFKL-motivated approach, for simplicity [135] we restrict the calculation of the HT contribution to the consideration of LO Q 2 evolution alone.
A. BFKL-motivated estimations for twist-four operators
Twist-four operators are known [58] to have their own evolution equations but the diagonalization of the operator anomalous dimensions matrix is a very complicate problem. For our purpose, however, as the relevant limit is n → 1, one can apply the results of Refs. [46] [47] [48] [49] , which have very simple form and are given in the classical DAS asymptotics considered in Section 2 of Ref. [44] Here we show that the contribution from twist-four operators can be represented in the same form as the twist-two operators by using the twist-four anomalous dimensions instead of the twist-two ones.
For the singular part of twist-four anomalous dimensions we consider from Ref. [46] the result:
where ε is very small: ε = 1/1224. Eq. (45) 
where a 2 = 4(1 + ε) andd + =d GG is given by Eq. (21).
The prediction for the regular parts d
− (n) can not be obtained from Eq. (45), but it should be essentially less important in the kinematical range studied below. Then, in the analysis presented below, we proceed by fixing this non-singular part by means of a relation similar to Eq. (46):
and further we examine different "natural" choices of b: b = 0, 1 and a 2 /2. Note that the non-singular (when n → 1) partsd
determine the behavior of parton distributions and DIS structure functions at non-small x values. Usually fits to experimental data at intermediate and large values of x are performed with the help of the following forms for the structure function F 2 :
with
2 (x). In fact Eq. (48) is closed to our choice b = 0, i.e. the twist-4 contribution does not evolve logarithmically with Q 2 . Also Eq. (49) is analogous to the choice b = 1, i.e. twist-two and twist-four operators have the same logarithmic Q 2 -dependence at large and intermediate x values. Lastly, the choice b = a 2 /2 corresponds to the hypothese about applicability of Eq. (45), obtained in the classical DAS limit, to a more wide generalized DAS approximation considered here.
By analogy with Section II we represent the twist-four contribution split in the ′ + ′ and ′ − ′ parts:
The ′ + ′ and ′ − ′ PD components are:
because the corresponding twist-four projectors (see [59] ) have the following form [136]:
In Eqs. (50c-50f) the twist-four parameters A τ 4 a (a = q, G) have to be determined from fits to experimental data. The full contribution (i.e. the sum of twist-two and twist-four parts) is given by:
a (z, Q 2 ) and (52)
where the leading twist contributions f 
B. Renormalon model predictions for twist-four operators
The full small x asymptotic results for parton densities and F 2 structure function in the framework of the infrared renormalon model, i.e. F R 2 , at LO of perturbation theory in the twist-four part:
where 
where the symbol ⊗ marks the Mellin convolution
The corresponding Mellin transforms of µ
are presented in the Appendix A (see Eqs. (A2-A4) and (A7)). Looking the n-space representations for renormalon power-like corrections given in Appendix A and applying the technique to transform the Mellin convolutions to standard products at small x (see [54, 55] and Appendix B) we can represent the Eq. (3) in the form
The operators δ −1 and δ −2 are defined as follows (see Appendix B for details)
Note that the Eqs. (16) and Eqs. (25) have been obtained in [44] with the accuracy O(ρ) for the ′ + ′ component and with one O(z) for the ′ − ′ component, respectively. It leads to the fact that we should use only the most singular terms in the r.h.s. of Eq. (57) 
Applying the operators δ −1 and δ −2 separately to the
, we obtain the following results for F
C. Incorporation of twist-six contributions in the framework of the renormalon model
We shortly demonstrate the twist-six contributions in the framework of the renormalon model. When we added the twist-six part, the full small x asymptotic results for PD and F ren 2 structure function at NLO of perturbation theory:
By analogy with twist-four case the twist-six term f Rτ 6 q (z, Q 2 ) has the form:
where µ τ 6 a (z, Q 2 ) are given in [50] . The corresponding Mellin transform of µ τ 6 a (n, Q 2 ) is presented in the Appendix A (see Eqs. (A2), (A5,A6) and (A7)).
By analogy with the previous subsection applying the technique to transform the Mellin convolutions to the standard products at small x (see [54, 55] and Appendix B), we can represent the Eq. (62) in the form
Considering only the most singular terms in the r.h.s. of (63), i.e. the terms δ −1 and ∼ ln(Q 2 / |a τ 6 G |) for the gluon part and the terms δ −2 and ln(Q 2 / a τ 6 q ) δ −1 for the quark part, we obtain immediately the following results:
which is very close to the twist-four one, see Eq. (59):
Note that the representation (65) of the twist-six terms in the terms of the twist-four ones is universal and has quite compact form and, thus, it will be often used below.
Because the forms of the twist-four and twist-six contributions are very similar, it is possible to present quite compact form for the full contribution of the higher-twist operators F
and
where k 4 = 1, k 6 = −8/7 and p 4 = 1, p 6 = 1/2.
VI. THE HIGHER TWIST CONTRIBUTIONS FOR THE DERIVATIVE
By analogy with the previous Section we consider firstly only the twist-four terms in the framework of the infrared renormalon model. The contribution of the twist-six terms will be incorporated shortly at the end of this Section.
A. Renormalon model predictions for twist-four operators
Note that there are the following properties
where we keep only most important terms (see discussions in the previous Section and Eq. (59)). In this approximation we easily obtain that
The value of F Rτ 4 2 (z, Q 2 ) is given by Eqs. (60a)-(60c) and
Thus, we see that the twist-four corrections to F 2 and dF 2 /d ln Q 2 have opposite signs, because dF
and the most important twist-four contribution is given by F
Rτ 4 2
(z, Q 2 ).
B. Incorporation of twist-six contributions in the framework of the renormalon model
Following to the subsection V C of the previous Section and considering the properties
together with the one (29), we immediately obtain that
The value of f Rτ 6 q (z, Q 2 ) is given by Eq. (65) and
Thus, we see that by analogy with the case of F 2 (z, Q 2 ) itself, for the derivation (70) the twist-six terms partially compensate the contributions of the twist-four terms.
VII. PARTON DISTRIBUTION FUNCTIONS IN THE RENORMALON MODEL APPROACH
It is clearly to see that the standard parton distributions f q (x, Q 2 ) and f G (x, Q 2 ) fitted with help of experimental data do not coincide with the above twist-two ones f
2 ) are usually defined keeping their twist-two relations (16a) or (25a) with the structure function F 2 (z, Q 2 ), i.e. At LO
At NLO
Thus, the parton distributions f q (z, Q 2 ) and f G (z, Q 2 ) can be strongly deviated for the corresponding the twist-two densities f τ 2 q (z, Q 2 ) and f τ 2 G (z, Q 2 ) at quite low Q 2 values, because there are the HT corrections to F τ 2 2 (z, Q 2 ). The HT correction to the parton dstribution at the LO was presented in the Introduction already. Here we present the results at the NLO. As it was in the previous Section, we consider firstly the twist-four corrections.
A. Twist-four corrections to (singlet) quark distribution Consider firstly the (singlet) quark parton distribution f q (z, Q 2 ). From the Eq. (16a) and the analysis of the Section V we can obtain that
where f
is given at the LO by Eqs. (12a) and (12b). It is useful to represent also the complete expressions directly for f
where at the NLO
We clearly see that the twist-four terms are responsible for the additional positive contributions to the quark distribution, which are very important at low Q 2 values. So, the experimentally extracted quark distribution f q (z, Q 2 ), which have the leading twist relations (71) and (72) with F 2 (z, Q 2 ), strongly deviates form the leading twist quark distribution f
2 ) had the quite flat behavior closed to (15) , the full quark distribution f R q (z, Q 2 ) will rise at z → 0 (see Eqs. (73c) and (73d)), because a τ 4 q > 0 (see Tables VI ,VII) . This rise is in full agreement with the corresponding experimental data (see Tables VI ,VII, Figure 9 , Section X and discussions therein).
B. Twist-four corrections to gluon distribution
Consider now the gluon parton distribution f G (z, Q 2 ). From the Eq. (16a) and the analysis of the Section V we can obtain that
where f Rτ 4 q (z, Q 2 ) is given at the LO by Eqs. (12c) and (12d). For the gluon distribution in the NLO we have the similar relations
had the quite flat behavior closed to (15) , the full gluon distribution f R q (z, Q
2 ) falls at x → 0, because a τ 4 G < 0 (see Tables VI ,VII) . The behavior is in full agreement with the corresponding experimental data (see Tables VI ,VII, Figure 9 , Section X and discussions therein).
C. Twist-six corrections to parton distributions
We shortly demonstrate the twist-six contributions to parton distribution in the framework of the renormalon model. When we added the twist-six part, the full small x asymptotic results for parton distributions is
where f Rτ 6 a (z, Q 2 ) are given by Eqs. (14):
The twist-six corrections do not change the results for parton distributions obtained in the previous subsection.
VIII. THE HIGHER TWIST CONTRIBUTIONS TO THE SLOPES OF F2 AND OF PARTON DISTRIBUTIONS
Consider the power-like corrections to the twist-two effective slopes λ eff,τ 2
2 ) (a = q, G) introduced in the Section IV. The effective slopes have the following form
Using Eqs. (38) , the derivations ∂F 
∂f
The Eqs. (76) and (77) together with the Eqs. (42) and (78) give a complete information about the full and asymptotical values of the slopes λ It is possible, however, to give a simple demonstration of the effect of the HT corrections. Following the Section IV, we can prepare also the results for the higher twist corrections to the asymptotical values of λ eff,τ 2 
where at the LO λ eff,Rτ 4
From the equations (81b) and (81d) it possible to see that the slopes λ eff F 2,as (z, Q 2 ) and λ eff q,as (z, Q 2 ) have got the positive twist-four corrections, that is in full agreement with the corresponding experimental H1 and ZEUS data for the slope λ F 2 at low Q 2 values (see Fig. 7 ). However, the difference between the twist-four corrections to these slopes is negative , because a 
Thus, the inequality λ eff F 2,as (z, Q 2 ) > λ eff q,as (z, Q 2 ) coming form Eq. (44b) takes place for not very small Q 2 , because it is suppressed by power corrections.
We would like to note that the equations (81) As it has been already shown in the previous Section the total PD functions f q (z, Q 2 ) and f G (z, Q 2 ) fitted in experiments data do not coincide with the above twist-two ones f τ 2 q (z, Q 2 ) and f
. It is very useful to demonstrate the difference at Q 2 0 , at the starting point of the DGLAP evolution. We begin the analysis with the consideration only the twist-four terms. The results can be calculated from the final formulae of the previous Section but it is simpler to repeat all calculations given in the Section V. At Q 2 = Q 2 0 all results simplify essentially because the leading-twist parton distributions are constant A q and A G at the point. From the Eqs. (15) and (73) we can easy obtain at
where at the LO
Thus, the total parton distributions f q (z, Q To estimate the values of the effective slopes at low Q 2 values we can look on their behavior at Q 2 0 , where our formulae simplifies essentially. In the approximation, when the twist six contributions are negligible, we can easy obtain from the Eqs. (83)
Because a τ 4 G < 0, it is easy to see that λ eff,R
). This indicates that the inequality λ eff
2 ) seems to be correct only at quite large Q 2 values (see also the previous section and discussions therein), where the twist-two terms give basic contributions.
Note also, that at Q 
that is in full agreement with the recent experimental data from HERA (see, for example, the review [15] ). The twist-six terms do not change the above results essentially.
X. RESULTS OF THE FITS
With the help of the results obtained in the previous sections we have analyzed F 2 (x, Q 2 ) HERA data at small x from the H1 [1] [2] [3] [4] [5] [6] and ZEUS [7] [8] [9] [10] [11] [12] [13] [14] collaborations as separately, as well as together.
Without higher-twist corrections our solution of the DGLAP equations depends on five parameters, i.e. Q In order to keep the analysis as simple as possible we have fixed Λ MS to the values given in Eq. (85) , which corresponds to α s (M Z ) = 0.1166, obtained recently by ZEUS [7] . The analyzed data region was restricted to x < 0.01 to stay in the kinematic region where our results are expected to be applicable. The χ 2 minimizations were done with MINUIT [60] . In the fits the errors are statistical and systematical added in quadrature. Finally, the number of active flavors was fixed to f = 3 and 4 for comparison.
A. Leading twist approximation
Tables II and III summarize the results of the fits to H1 and ZEUS data using twist-two formulas at LO (16) and NLO (25) approximations.
We can see in Tables II and III and in Fig. 1 that the qualities of the fits are very similar for the LO and NLO approximations. This suggest that perturbation theory works well in the small x regime. This is in accord with Refs. [61] [62] [63] (see also recent review [64] ), where it was shown, that the argument of the strong coupling constant is effectively much larger as Q 2 in the small x domain. Hovewer the similarity of the results found at LO and NLO fits does not agree with our previous analysis [44] , where NLO corrections essentially improved the comparison between QCD and experiment. This disagreement relates mostly to the incorrect use of the same value of the QCD parameter Λ in [44] in both LO and NLO cases. By contrast, Λ should be different (see [65] ). They are extracted from α s (M Z ) by using b-and c-quarks thresholds following to [66] . The values of Λ obtained by this procedure and used hereafter in all the fits are:
obtained from ZEUS result α s (M Z ) = 0.1166 (see [7] ). Tables II and III ). Note that the separated fits of H1 and ZEUS data lead to purely comparable values of the parameters
q . Thus we may fit to the combined data set. The results of such combined fits can be found in the last rows of Table II and Table III. Looking carefully on that Tables, we arrive to the following conclusions:
• In the leading twist approximation the preferred number of flavors f is four.
• The value of the quark distribution does not depend on the specific Q • A strong reduction of the magnitude of the gluon density is observed when NLO corrections are included.
The suppression of the gluon density rise with Q 2 at NLO in comparison with the LO prediction is well-known effect [59, 67] but in addition we also observe a strong reduction of the gluon magnitude at Q 2 0 . At least partialy, this effect can be explained based on the GRV-like point of view [31] [32] [33] [34] , where at low Q 2 values there are only valence quarks and all other types of partons are generated in the Q 2 -evolution. Thus, the slowe rise with Q 2 when NLO corrections are included directly implies a reduction of the magnitude at a given Q 2 0 . It should be mentioned that a similar relative reduction of gluon normalization is obtained in the analyses [35, 68] , when the ln(1/x) resummation was included. Thus, the correct incorporation of NLO terms has a similar tendency.
• The fitted Q Tables II and III and Fig. 1 we find good agreement with data only at Q 2 ≥ 2.5 GeV 2 . The situation is little bit worse than it was before in [44] , mainly due to the strong improvement of experimental data. To expand the range of applicability of our analysis to Q 2 < 2.5 GeV 2 we add to our fits HT corrections presented in the previous sections.
Let's consider both types of estimations of the HT corrections separately.
B. BFKL-motivated estimations for twist-four operators
Tables IV-VI and Fig. 4 contain the results of the fits to H1 and ZEUS data using Eqs. (16), (50) and (53) at LO and (25), (50) and (53) at NLO.
The results demonstrate good agreement between the theoretical predictions having BFKL-like twist-four term and experimental data of the H1 [3, 4] and ZEUS [11, 12] collaborations.
The fits of H1 [3, 4] and ZEUS [11, 12] data demonstrate a strong improvement of the agreement between theory and experiment (see Fig. 4 ), essentially at LO and in the case f = 4.
The values of parameters in the twist-two terms do not change drastically. Q 2 0 rises 100 MeV and 150 MeV at LO and NLO, respectively. The gluon density in the twist-two term rises essentially and the quark distribution decreases slowly. The changes are compensated by a negative gluon and a positive quark twist-four magnitudes, respectively.
We found also a tiny dependence on the real value of the parameter 'b', that supports our hypothese (see Section III) about the irrelevance of the exact form for the nonsingular (at n → 1) terms in the twist-four anomalous dimensions.
An interesting fact is that the value of the sum A τ 4
q is very close to zero. Hence, HERA data do not seem to support a strong increase of the twist-four terms at small x, contrary to the expectation from various BFKL-motivated estimations [46] [47] [48] [49] . However a small value for the the twist-four terms has also been found in a model-dependent analysis [69] .
C. Renormalon model predictions for higher twist operators
Tables IV-VII and Figs. 4 and 5 contain the results of the fits to H1 and ZEUS data using Eqs. (16) and (66) at LO and (25) and (66) Looking carefully Tables IV-VI and Fig. 4 , we arrive to the following conclusions:
• For the data usage of f = 4 is strongly preffered.
• The values of parameters in the twist-two terms do not change essentially.
We see, however, for H1 data in Table IV and for combibed data in Table VI some rise of gluon terms when higher twist terms are incorporated. The rise exists for both the LO and NLO approximations and it is compensated by negative gluon twist-four magnitude. The twist-six gluon magnitude has different signs (it is negative and positive at LO and NLO approximations, respectively) but the combination of the higher twist terms gives negative contribution for the gluon case.
Note that the phenomenon is similar to one observed for BFKL-motivated twist-four corrections (see previous subsection) and can be considered as quite general property of the HT corrections.
• For the ZEUS data in Table V the influence of the higher twist terms is not so important.
• In contrary to the gluon case, the higher twist corrections for the quark density are mostly positive that leads to different small-x asymptotics of gluon and quark distributions at low Q 2 values, observed recently at HERA experiments [70] (see a detailed discussions in the subsection F).
• The fitted value of Q Table VII and Fig. 5 , we see full support of above results: the agreement with experimental data improves drastically, essentially for 0.5 GeV 2 ≤ Q2 ≤ 2.5 GeV 2 . We should note, however, about following excepting features:
• Usage of f = 3 is preffered, that is natural choice at low Q 2 values.
• The twist-six corrections are important to stabilize the HT contributions and, thus, the results of Table VII are  comparable with ones in Tables IV-VI only when the twist-six corrections taken into account.
D. Leading and higher twist approximations for the derivative
The results for the derivative ∂F 2 /∂ ln Q 2 are shown on Fig. 3 and Fig. 8 together with H1 experimental data [2] . Fig. 3 contains only the leading twist theoretical predictions. As in the case of F 2 data we have very good agreement between our formulae and experimental data at Q 2 ≥ 3 GeV 2 . When we added the HT corrections, the theoretical results begin to be in agreement with experiment also at Q 2 < 3 GeV 2 (see Fig. 8 ), especially when we used the results of F 2 data fits at Q 2 ≥ 0.5 GeV 2 . The corresponding results for ∂F 2 /∂ ln Q 2 are shown as the dashed curve for the NLO and as the dash-dotted curve for the LO fits. Both curves are hardly distinguished from each other. It meens, that in this kinematical region of small x the order of perturbation theory inside the leading twist does not matter. The importance has the number of twists taking into account.
Note that the HT corrections to F 2 and ∂F 2 /∂ ln Q 2 structure functions are opposite in sign that demonstrates the importance, respectively, the quark density and gluon one for the functions (see also the following subsection and discussions therein). The fact is in full agreement with results of Section VI.
Thus, our quite simple formulas obtained in the generalized DAS approach are very convenient also to the study the derivative ∂F 2 /∂ ln Q 2 , which is very important to extract gluon density and the longitudinal F L or the ration R = σ L /σ T (see [71, 72] and [73] [74] [75] , respectively).
The results for the slope λ In our opinion, the strong Q 2 dependence of the slope λ eff F2 (x, Q 2 ) was observed firstly in Ref. [78] , where fits of experimental data have been performed for the Regge-like PD form. At high Q 2 side, the slope value is close to LO BFKL prediction (λ
that is close to model with Pomeron interactions [79] and to NLO BFKL predictions [63] based on non-MS-like renormalization schemes and BLM resummation of large values of NLO corrections calculated recently in [80, 81] (see also [82, 83] 2 ) ∼ 0.1. In a sence, the shape of the slope λ eff F2 (x, Q 2 ) is in contrast with Regge asymptotics, where the corresponding slopes should be Q 2 -independent. Note, however, that this Q 2 -dependence can be described in phenomenological Regge-like models [84] [85] [86] [87] . There are also attempts (see [39, 40] ) to recove the slope shape in the Regge-like form of parton distributions considering the small x asymptotics of DGLAP equation. A quite natural explanation of the rise is given in the generalized DAS approximation as it was shown in [44] .
Quite recently the H1 96/97 data [1] (black circles on Fig. 7 ) has been analysed in [53] , where good agreement has been found between data and theoretical predictions based on generalized DAS approach. For example, the rise can be described as ln ln Q 2 , i.e. in pure perturbative QCD. Incorparation of HT corrections gives a possibility to extend the agreement to new preliminaty H1 and ZEUS data for quite low Q 2 values (see dashed curve and the preliminary data near Q 2 ∼ 1 GeV 2 on Fig. 7 ).
F. Parton distributions
The results for the quark and gluon densities are shown on Fig. 9 together with the NLO QCD predictions of A02NLO [88] , represented by dots.
As it was noted already in Sections VII and IX, there is very strong difference between the twist-two and total parton distributions. In the case of the twist-two parton densities f τ 2 a (x, Q 2 ) the higher-twist corrections contribute to the Wilson coeffcient functions, i.e. (in MS-like factorization scheme used here) to the relation between the parton distributions f τ 2 a (x, Q 2 ) and F 2 . Then, the higher-twist terms give additional power-like corrections to the relation and, thus, change it.
Contrary to this, in the case of the total parton densities f a (x, Q 2 ) the coefficient functions are pure twist-two ones, i.e. the relation between the parton distributions f a (x, Q 2 ) and the structure function F 2 taken in the standard MS-like way. Thus, in the case the higher-twist corrections are responsable for the difference between the twist-two parton distributions f τ 2 a (x, Q 2 ) and the full ones f a (x, Q 2 ). For the quark density the difference between twist-two distributions and total densities are not very strong. In Fig. 9 one can see good agreement between quark distributions obtained in the different approximations. For the renormalon higher-twist corrections, our results very close to obtained by ZEUS Collaboration in [70] .
At high Q 2 values there is also good agreement between gluon distributions obtained in the different approximations. For small Q 2 values, in the renormalon model our total gluon density is strictly less then twist-two one: for example, at Q 2 = 2 GeV
Neverseless, there is a disagreement here between our results and the recent one from ZEUS Collaboration (see [70] ) in the range of small Q 2 values: our total gluon density is higher essentially the ZEUS one. A similar disagreement exist between our total gluon distribution and Alekhin one [88] (see Fig. 9 ). Thus, the deviation between our twist-two and total gluon distributions is strong but less to have agreement with experimental data.
In our opinion, most part of the difference comes from neglection of valent quark part f V (x, Q 2 ) in our article. The neglection is a quite standart tool at small x range (and quite large Q 2 values, where parton model is applicable), because f V (x, Q 2 ) ∼ x λV with λ V ∼ 0.3 ÷ 0.5. At low Q 2 values, however, the ignoring the valent and nonsinglet quark distributions cannot be the correct approximation, because here the singlet parton distributions (at least the gluon density) start to fall when x → 0. Moreover, at higher orders of perturbation theory strong double-logarithmic terms contributte to the valent and nonsinglet quark distributions. The contributions can be evaluated in the framework of BFKL-like approach and they can lead to essential decreasing of the λ V value at low Q 2 values (see [89, 90] and discussion therein). Thus, in our model gluon density at small Q 2 values includes effectively a contribution of the valent quark distributions and, thus, is large essentially to compare with ZEUS and Alekhin predictions from [70] and [88] , respectively.
Note that the absence of the valent quarks can be partially responsable for some disagreement between theory and experiment for the derivation ∂F 2 /∂ ln Q 2 (see Figs. 3 and 8 and discussions in subsection D), which is depended strongly on gluon density.
We plan to return to the study the problem and to incorporate the valent quark densities in our future investigations.
XI. CONCLUSIONS
In generalized DAS approximation we have incorporated HT corrections for semi-analytical solution of DGLAP equation obtained earlier in [44] at LO and NLO levels in the leading twist approximation for the flat initial condition.
The HT corrections have been added in two models, the so-called BFKL-like one and the renormalon one. In both models the HT terms lead to improvement of the agreement with new precise experimental data of H1 and ZEUS Collaborations. The elements of the renormalon model, however, are essentially better defined and the model describes experimental data much better, especially at very low Q 2 values (Q 2 ≥ 0.5 GeV 2 ). After verification of all uncalculable parameters in our formulae from the fits of F 2 data we apply our approach to compare with H1 data for the derivative ∂F 2 /∂ ln Q 2 , with H1 and ZEUS data for the effective slope λ eff F2 (x, Q 2 ) data and with experimental predictions for the parton distributions.
We have found rather good agreement with data for the effective slope λ eff F2 (x, Q 2 ) and for the derivative ∂F 2 /∂ ln Q 2 and also with experimental predictions for the quark distribution, but have some disagreement with other results for gluon densities at low Q 2 values (see the subsection F in the previous section and discussions therein), that needs an additional investigations.
As next steps we plan to add at low Q 2 values to our analysis some phenomenological models of coupling constant. We hope to apply the Shirkov-Solovtsov analitization [91, 92] and a "freezing" procedure (see, for example, Ref. [93] and discussions therein).
Moreover we plan also to add to our initial conditions (15) corrections ∼ ln(1/x) and ∼ ln 2 (1/x) obeying to Froassart restriction by analogy with consideration of these corrections in the Regge-like small-x asymptotics of parton distributions done earlier in [94, 95] .
Addition of HT terms should be important also for high-energy cosmic rays, where they can lead to quite important shadowing corrections for cross-sections of neutrino-proton scattering studyed in DAS approach in [96] . The subject will be considered in forthcoming article.
We are considering also to extend the application of the higher twist corrections for the longitudinal srtucture function F L . The consideration of F L should be very important essentially at low Q 2 values, where F L should go to zero when Q 2 → 0 [97] [98] [99] [100] at low x values based on k t -factorization procedure [101] [102] [103] [104] ). In the QCD improved parton model the LO results for F L ∼ α s (Q 2 ) and, thus, do not lead to zero values to the longitudinal srtucture function. Moreover, the NLO corrections to F L are large and negative at low x values (see [105] [106] [107] [108] [109] [110] [111] [112] and, thus, give large negative contributions at low Q 2 range [62, [113] [114] [115] . Thus, they can lead to the negative values for F L [29, 62] of perturbation theory and needs a resummation of large corrections at low Q 2 values. Based on Grunberg approach [116, 117] , the resummation leads to recovering well-know Callan-Gross relation F L = 0 at asymptotics x → 0 (see [62] ).
Thus, there are a quite conserval results for F L at low x and Q 2 values. The incorporation of the higher-twist corrections, which can be very important namely in the case of the longitudinal srtucture function (see recent study [69] and discussions therein), should give an additional important information about F L structure at low x and Q 2 values. Moreover, the measurement of F L should become possible in nearest future (see discussions in Section VII of [15] ) with the proposed updates to the HERA machine, which will yield very large integrated luminosity. Note that some precise preliminary results for F L can be found already in the recent review [77] and we plan to study of them in nearest future.
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XII. APPENDIX A
The twist-four and twist-six contributions in the framework of IR-renormalon model have been calculated in [118] (for nonsinglet case) and in [50] (for singlet one). As we already noted in Section II, we neglect the nonsinglet component in our analysis. The higher-twist corrections to singlet case contain sum of nonsinglet and singlet highertwist results. However, we have interest only to n → 1 asymptotics of the corrections, where nonsinglet part of higher-twist corrections are neglected because exact Bjorken sum rule.
The singlet part of higher-twist corrections may be presented in the following form
The quark contributions µ τ 4 q (n, ln(A/Q 2 )) and µ τ 6 q (n, ln(A/Q 2 )) [50] may be transformed to n-space µ τ m a
The gluon contributions µ τ 4 G (n, ln(A/Q 2 )) and µ τ 6 G (n, ln(A/Q 2 )) may be estimated [50] as
where [119] 
is the leading contribution to the gluon-quark anomalous dimension. We have the interest to the asymptotics n → 1, where the above values may be represented as 
with δ = n − 1.
XIII. APPENDIX B
We present here the detailed analysis [137] of the method of replacing the convolution of two functions by a simple product at small x. We restrict ourselves to the accuracy O(z). Some earlier presentations can be found in [54, 55] (here the accuracy O(z 2 ) has been considered) and in [44] . Let us to consider the set of PD with different forms:
where f (z) and its derivative f ′ (z) ≡ d f (z)/dz are smooth at z = 0 and both are equal to zero at z = 1:
(b2) n = 0 case:
The value δ −1 L (z) is also finite at the limit δ → 0: 
and repeating the above analysis, we have (c1) in the n ≥ 1 case:
(c2) in the n = 0 case:
The value δ −1 I (z) is also finite at the limit δ → 0:
where the r.h.s. of (B16) is obtained from the expansion of the modified Bessel functions at z → 0.
Note that we can represented the Eqs. (B5), (B9) and (B14) formally as follows
which has been used in Sections III and V.
(2) Since the HT coefficient functions B τ 4,6 q (n) contain the terms ∼ 1/(n − 1) 2 (see Eqs. (A3) and (A5)), we should consider also the second basic integral with integer nonnegative n values:
It is easy to demonstrate that
that symplyfies essentially the consideration of J (2) δ,i (n, z).
(a) Regge-like case. Repeating the analysis of the subsection (1a), we obtain easy that
Consider particular cases n ≥ 1 and n = 0 separately: (a1) If n ≥ 1 then the second term in the r.h.s. of (B3) is negligible and we have
(a2) If n = 0, the r.h.s. of (B18) can be rewritten as follows
Note that the value δ −2 R (z) is finite at the limit δ → 0:
where the value of lim δ→0 (1/δ R (z)) is given in (B7).
(b) Logarithmic-like case. Following to the subsection (1b), we obtain: (b1) n ≥ 1 case:
and the value of 1/δ L (z) is given in (B10). The value δ −1 L (z) is also finite at the limit δ → 0:
where the Ψ ′′ -function is the second derivation of the Ψ-function, p ′′ (ν q ) ≈ 251/108 and p ′′ (ν G ) ≈ 2035/865 are coming from quark counting rules. (c) Bessel-like case. Following to the subsection (1c), we obtain: (c1) in the n ≥ 1 case:
and the value of 1
is given in (B15).
The value δ −2 I (z) is also finite at the limit δ → 0:
Note that the r.h.s. of (B16) is obtained from the expansion of the modified Bessel functions at z → 0. Note that we can represented the Eqs. (B20), (B24) and (B28) formally as follows
which has been used in Section V.
(3) Consider the Mellin integral
and define the moments of the kernel K(y) in the following form
In analogy with part (1) we have for the Regge-like case:
The case K 1+δ = 1/(n + δ) corresponds to K(y) = y n and has been already considered in part (1). In the more general cases (for example, K 1+δ = Ψ(1 + δ) + γ) we can represent the "moment" K 1+δ as a series of the sort m=1 1/(n + δ + m). So, for the initial integral at small x we get the simple equation:
where the coefficient K R,1+δ coincides with the one K 1+δ in the case if K n does not contain the term 1/(n − 1). The coefficient K R,1+δ contain the term δ −1 R (z) if the term 1/(n − 1) contributed to K n . So, the function K R,1+δ can be represented in the form:
Repeating the analysis of the subparts (b) and (c), one easily obtains
Thus, in the non-singular case (i.e. in the case when K n does not contain the term 1/(n − 1)) the results of tans formation of the Mellin convolution to usual products depend only on the δ value but not on the concrete shape of parton distribution. The presence of the term 1/(n − 1) in K n leads to the results depending on numerical value of δ. If δ is large (more precisely, if z −δ ≫ const), the presence of the term 1/(n − 1) in K n leads to the term 1/δ in the functions K i,1+δ (i = R, L, I) (because the term z δ is negligible in expressions for 1/δ i ) and the results do not also depend on the concrete shape of parton distribution. If δ is small (i.e., if z −δ ≈ 1 + δ ln(1/z), that depends on concrete z values, of course), then the subasymptotic of parton distribution starts to play and the function K i,1+δ (i = R, L, I) contains the term 1/δ i , which is determined by the both: asymptotics and subasymptotics of parton distributions. Table I . However, the results of fits do not depend practically on the mistake.
[135] This simplification is connected also with quite poor present knowledge about HT contributions in the BFKL-motivated approach.
[136] The projectors ε τ 4,± ab can be obtained from Eq. (10) in Ref. [44] with the replacement d±(n) → d
[137] Contrary to Ref. [54, 55] we use here the variable z = x/x0 TABLE II: The result of the LO and NLO fits to H1 (1996/97) [2] and ZEUS (1996/97) [7] data for different low Q 2 cuts. In the fits f is fixed to 4 flavors. [2] [3] [4] [5] [6] and ZEUS [7] [8] [9] [10] [11] [12] [13] [14] data for different low Q 2 cuts and different f . 
ZEUS 96/97 [7]
A [2] [3] [4] [5] [6] and ZEUS [7] [8] [9] [10] [11] [12] [13] [14] data at Q 2 ≥ 1.5 GeV 2 . Power corrections included for different values of the parameter b and in the infrared renormalon case. [7] [8] [9] [10] [11] [12] [13] [14] A The result of the LO and NLO fits to H1 [2] [3] [4] [5] [6] and ZEUS [7] [8] [9] [10] [11] [12] [13] [14] at Q 2 ≥ 0.5 GeV 2 . Power corrections included in the infrared renormalon case. [7] [8] [9] [10] [11] [12] [13] [14] A H1 svtx00 prel. [76] + ZEUS BPT [8] H1 svtx00 prel. [76] + NMC [123] H1 96/97 [1] NLO: Q 2 > 1.5 GeV : black points -H1 F2 data [1] ; blue squares -H1 data [76] combined with NMC data [123] ; blue triangles -H1 data [76] combined with low Q 2 ZEUS BPT data [8] ; open red diamonds -preliminary ZEUS slope fit 2001 [77] . The inner error bars illustarte the statistical uncertainties, the full error bars represent the statistical and systematic uncertanties added in quadrature. The data are compared with a parametrization [1] in which λ(Q 2 ) = a ln[Q 2 /Λ 2 ] grows logarithmically with Q 2 [a = .0481, Λ = 292 MeV], using data for Q 2 ≥ 3.5 GeV 2 (black solid straight line goes to approximated short-dashed one). The solid, black line (NLO fit with χ 2 /n.d.f. = 798/611 = 1.31), the long-dashed, red one (NLO&Rht fit with χ 2 /n.d.f. = 565/660 = 0.86) and the dash-dotted, blue one (NLO&Rht fit with χ 2 /n.d.f. = 500/607 = 0.82) are the same as on the previous Figure 6 . The value of x was fixed to 10 −3 for all curves. 
H1[2-6] + ZEUS
τ 2 G A τ 2 q A τ 4 G (a τ 4 G ) A τ 4 q (a τ 4 q ) Q 2 0 [GeV 2 ] χ 2 /n.o.p. Q 2 ≥ 1.5 GeV 2 (a τ 6 G ) (a τ 6 q ) LO (f = 3) no hτ (rH1 =
τ 2 G A τ 2 q a τ 4 G a τ 4 q Q 2 0 [GeV 2 ] χ 2 /n.o.p. Q 2 ≥ 0.5 GeV 2 a τ 6 G a τ 6 q LO Rτ 4 (f = 3
